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Abstract: The concept of a commutative generalized neutrosophic ideal in a BCK-algebra is proposed, 
and related properties are proved. Characterizations of a commutative generalized neutrosophic 
ideal are considered. Also, some equivalence relations on the family of all commutative generalized 
neutrosophic ideals in BCK-algebras are introduced, and some properties are investigated. 
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1. Introduction 


In 1965, Zadeh introduced the concept of fuzzy set in which the degree of membership is expressed 
by one function (that is, truth or t). The theory of fuzzy set is applied to many fields, including fuzzy 
logic algebra systems (such as pseudo-BCI-algebras by Zhang [1]). In 1986, Atanassov introduced 
the concept of intuitionistic fuzzy set in which there are two functions, membership function (t) and 
nonmembership function (f). In 1995, Smarandache introduced the new concept of neutrosophic 
set in which there are three functions, membership function (t), nonmembership function (f) and 
indeterminacy/neutrality membership function (i), that is, there are three components (t, i, f) = 
(truth, indeterminacy, falsehood) and they are independent components. 

Neutrosophic algebraic structures in BCK/BCI-algebras are discussed in the papers [2-10]. 
Moreover, Zhang et al. studied totally dependent-neutrosophic sets, neutrosophic duplet semi-group 
and cancellable neutrosophic triplet groups (see [11,12]). Song et al. proposed the notion of generalized 
neutrosophic set and applied it to BCK/BCI-algebras. 

In this paper, we propose the notion of a commutative generalized neutrosophic ideal in a 
BCK-algebra, and investigate related properties. We consider characterizations of a commutative 
generalized neutrosophic ideal. Using a collection of commutative ideals in BC K-algebras, we obtain 
a commutative generalized neutrosophic ideal. We also establish some equivalence relations on the 
family of all commutative generalized neutrosophic ideals in BCK-algebras, and discuss related basic 
properties of these ideals. 


2. Preliminaries 


A set X with a constant element 0 and a binary operation * is called a BCI-algebra, if it satisfies 
(Vx,y,2 S Xi 
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QT)  ((x*y) * (x *z)) *(Z¥y) =, 
(I) (x* (x¥y))*y =O, 

(HW) x*x =0, 

(IV) x*y=0,y*x=0 > x=y. 


A BCI-algebra X is called a BCK-algebra, if it satisfies (Vx € X): 
(V) 0xx =0, 
For any BCK/BCI-algebra X, the following conditions hold (Vx,y,z € X): 


x*O0=x, (1) 
x YS XEZ SY KZ, ZY SZ¥X, (2) 
(x¥y)*z = (x*z)¥Y, (3) 
(fez le (yee) <a ey (4) 


where the relation < is defined by: x < y => xx y = 0. If the following assertion is valid for a 
BCK-algebra X, Vx,y € X, 


x* (xy) =y* (y*x). (5) 


then X is called a commutative BCK-algebra. 
Assume I is a subset of a BCK/BCI-algebra X. If the following conditions are valid, then we call 
Tis an ideal of X: 


Oel, (6) 
(Vx € X) (Vy ET (xxyeEl > xel). (7) 


A subset I of a BCK-algebra X is called a commutative ideal of X if it satisfies (6) and 
(Vx,y,z€ X)((xxy)*zE1,zEl > xx(yx(y*xx)) El). (8) 
Recall that any commutative ideal is an ideal, but the inverse is not true in general (see [7]). 


Lemma 1 ([7]). Let I be an ideal of a BCK-algebra X. Then I is commutative ideal of X if and only if it satisfies 
the following condition for all x,y in X: 


xxyel > xx (y*(y*x)) EI. (9) 
For further information regarding BCK/BCI-algebras, please see the books [7,13]. 


Let X be a nonempty set. A fuzzy set in X is a function p : X — [0,1], and the complement of 

u, denoted by p°, is defined by p°(x) = 1— u(x), Vx € X. A fuzzy set pw ina BCK/BCI-algebra X is 
called a fuzzy ideal of X if 

(Vx € X)(u(0) = w(x), (10) 

(Vx,y © X) (u(x) 2 mint u(x * y), u(y) (11) 


Assume that X is a non-empty set. A neutrosophic set (NS) in X (see [14]) is a structure of 
the form: 


A := {(x;Ar(x), A1(x), Ag(x)) | x © X} 
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where Ar : X > [0,1], A; : X — [0,1], and Ag : X — [0,1]. We shall use the symbol A = (Ar, Ay, Af) 
for the neutrosophic set 


A:= {(x;Ar(x), Ar(x), Ag(x)) | x © X}. 
A generalized neutrosophic set (GNS) in a non-empty set X is a structure of the form (see [15]): 
A:= {(x; Ar(x), Arr(x), Are(x), Ag(x)) | Ps X, Arr(x) + Ajp(x) < 1} 


where Ar : X — [0,1], Ap: X > [0,1], Arr: X > [0,1], and Ayr : X > [0,1]. 
We shall use the ae A = (Ar, Alt, Air, Af) for the generalized neutrosophic set 


A:= {(x;Ar(x), Arr(x), Are(x), Ag(x)) | xE X, Arr (x) + Ajp(x) < 1}. 
Note that, for every GNS A = (Az, Ayr, Are, Af) in X, we have (for all x in X) 


(vx € X) (O< Ar(x) + Arr(x) + Arp(x) + Ag(x) <3). 


If A = (Ar, AIT, AIE, Ag) is a GNS in X; then DA = (Ar, AIT, Avr, AS) and OA = (Af, Avr, 
Are, Af) are also GNSs in X. 

Given a GNS A = (Az, Arr, Arg, Ag) ina BCK/BCI-algebra X and wr, a;7, Br, Bre € [0,1], 
we define four sets as follows: 


A(T, a7) := {x € X | Ar(x) > ar}, 
Ua(IT, arr) = {x € X| Arr(x) > arr}, 
La(F, Br) = {x € X| Ar(x) < Br}, 
La(IF, Bre) := {x € X| Are(x) < Br}. 


AGNS A = (Ar, Arr, Air, Af) ina BCK/BCI-algebra X is called a generalized neutrosophic 
ideal of X (see [15]) if 


(vx € X) ( Ar(0) = Ar(x), Arr(0) = Arr(x) i: (12) 
Ajg(0) < Are(x), Ar(0) < Ag(x) 
Ar(x) = min{Ar(x*y), Ar(y)} 
Ajr(x) = min{ A;r(x * y), Arr(y)} 
YE) a(x) < max{ Aree +y), Aie(v)} re 
Af(x) < max{Af(x *y), Ar(y)} 


3. Commutative Generalized Neutrosophic Ideals 


Unless specified, X will always represent a BCK-algebra in the following discussion. 


Definition 1. A GNS A = (Az, Ayr, Aj, Af) in X is called a commutative generalized neutrosophic ideal 
of X if it satisfies the condition (12) and 


min{Ar((x *y) *z),Ar(z)} 


Ar(x * (y * (y * x) ) 
in{ Apr((x *y) *z), Arr(z)f 
( 
Z) 


Arr (x * (y * (y* 


2 

x)))>m 
(Vx,y,z € X) 
) 


) 

) 
(14) 

)) < max{Are((x *y) *z), Are(z)} 

) < max{Ap((x * y) *z), Ar(z)} 


Example 1. Denote X = {0,a,b,c}. The binary operation * on X is defined in Table 1. 
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“woe 


Table 1. The operation “*”. 


a Fa OT] ¥ 
a Fa CO] CO 
a 2 OO] a8 
a ooo|t 
ora co; 8 


We can verify that (X,*,0) isa BCK-algebra (see [7]). Definea GNS A = (Ar, Ayr, Aff, Ag) in X by 
Table 2. 


Table 2. GNS A = (Ar, Arr, Arg, Ag). 


X Ar(x) Air (x) Arr (x) Ag(x) 
0 0.7 0.6 0.1 0.3 
a 0.5 0.5 0.2 0.4 
b 03 0.2 0.4 0.6 
c 603 0.2 0.4 0.6 


Then A = (Ar, Arr, Aig, Af) is a commutative generalized neutrosophic ideal of X. 
Theorem 1. Every commutative generalized neutrosophic ideal is a generalized neutrosophic ideal. 


Proof. Assume that A = (Ar, Aj, Arr, Af) is a commutative generalized neutrosophic ideal of X. 
Vx,z € X,we have 


Ar(x) = Ar(x * (0 * (0*x))) > min{Ar((x *0) *z), Ar(z)} = min{Ar(x *z), Ar(z)}, 


Arr (x) = Arr(x * (0 * (0 * x))) > min{A;r x * 0) * Zz), Arr(z)} = min{ A;r(x * Zz), Arr(z)}, 


Arg(x) = Azp(x * (0 * (O* x))) < max{Ajp((x *0) *z), Arp (z)} = max{Ajp(x *z), Are(z)$, 
and 


Ag(x) = Ag(x * (0 * (0 * x))) < max{Ap((x * 0) *z), Ar(z)} = max{Ap(x *z), Ar(z)}. 


Therefore A = (Ar, Ayr, Arr, Af) is a generalized neutrosophic ideal. 


The following example shows that the inverse of Theorem 1 is not true. 
Example 2. Let X = {0,1,2,3,4} bea set with the binary operation * which is defined in Table 3. 


“ye 


Table 3. The operation “*”. 


* 


BewWNrR © 

PwWONF OC] SO 
FwWON OO] = 
BwWOOrRO!]N 
WwWwoood| w 
ooooo]| 


We can verify that (X,*,0) isa BCK-algebra (see [7]). We definea GNS A = (Art, Alt, Air, Af) in X 
by Table 4. 
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Table 4. GNS A = (Ar, Ayr, Are, Ag). 


X Ar(x) Arr(x) Are(x) AgF(x) 
0 0.7 0.6 0.1 0.3 
1 0.5 0.4 0.2 0.6 
2 0.3 0.5 0.4 0.4 
3 0.3 0.4 0.4 0.6 
4 0.3 0.4 0.4 0.6 


It is routine to verify that A = (Ar, Ayr, Ag, Ag) is a generalized neutrosophic ideal of X, but A is not 
a commutative generalized neutrosophic ideal of X since 


Ar (2 * (3 * (3 *2))) = Ar(2) = 0.3 % min{ Ar((2 «3) *0), Ar(0)} 
and/or 
Are(2 * (3 * (3 * 2))) = Aje(2) = 0.4 £ max{ Aye ((2 * 3) *« 0), Are(0)}. 


Theorem 2. Suppose that A = (Ar, Ar, Arg, Af) is a generalized neutrosophic ideal of X. Then A = (Ar, 
Arr, Arg, Ag) is commutative if and only if it satisfies the following condition. 


Ar(x*y) < Ar(x* (y* (y*x))) 


Ante < Anas Gx Giaa\)) 
ORE) fateh set, eenepsayy: I a 
esi) = tee eo ey) 


Proof. Assume that A = (Az, Ayr, Aye, Af) is a commutative generalized neutrosophic ideal of X. 
Taking z = 0 in (14) and using (12) and (1) induces (15). 

Conversely, let A = (Ar, Arr, Air, Af) be a generalized neutrosophic ideal of X satisfying the 
condition (15). Then 


Ar(x* (y* (y*x))) = Ar(x*y) = min{Ar((x*y) *z), Ar(Z)}, 


Arr(x* (y* (y*x))) = Apr(x *y) = min{Apr((x *y) *z), Arr(Z)}, 


Ayr (x * (y* (y*x))) < Are(x*y) < max{Aje((x * y) *z), Are (z)} 
and 
Ag(x* (y* (y*x))) < Ap(x*y) < max{Ap((x *y) *z), Ar(z)} 


for all x,y,z € X. Therefore A = (A7z, Ayr, Arr, Af) is a commutative generalized neutrosophic ideal 
of X. 


Lemma 2 ([15]). Any generalized neutrosophic ideal A = (Ar, Arr, Arg, Af) of X satisfies: 


jie enn i i ee 

Ajr(x) > min{ Ayr IT\Z 

(Vx,y¥,zEX)|xxysz => Airs x)< ee y pe ig 
Ag(x) < max{Ar(y), Ar(z)} 


We provide a condition for a generalized neutrosophic ideal to be commutative. 
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Theorem 3. For any commutative BCK-algebra, every generalized neutrosophic ideal is commutative. 


Proof. Assume that A = (Az, Arr, Af, Af) is a generalized neutrosophic ideal of a commutative 
BCK-algebra X. Note that 


((x * (y * (y * x))) * ((eey) #2) z= (Ce (YY * (YX) #2) * (Ce) *2) 
< (x (y* (y*x))) *(@¥y) 
x (x y)) *(y* (y*x)) =0, 


thus, (x * (y * (y *x))) * ((x *y) *z) < z,Vx,y,z € X. By Lemma 2 we get 


Ar(x* (y* (y*x)) 
Arr (x * (y * (y * x) 
Agr (x * (y * (y * x) 
Ap (x (y * (y * x)) 


min{Ar7((x *y) *z),Ar(z)}, 
( 


) ) 
) ) 


7Y, 

2 

> min{Arr((x *y) *« Zz), AIT Z 
< 

< 


hi 
max{ Ajp((x * y) *Z), Arr(z)} 


y 


) 
) 
) 
) 


max{ Ap (x *y) #2), Ar(z)}. 


Therefore A = (Ar, Ayr, Arr, Af) is a commutative generalized neutrosophic ideal of X. 


Lemma 3 ([15]). Ifa GNS A = (Az, Ayr, Arg, Af) in X is a generalized neutrosophic ideal of X, then the 
sets U,(T, ar), Ug(IT, a;r), La(F, Br) and La(IF, Br) are ideals of X for all wr, xrr, Br, Bre € [0,1] 
whenever they are non-empty. 


Theorem 4. Ifa GNS A = (Az, Ayr, Arg, Af) in X is a commutative generalized neutrosophic ideal of X, 
then the sets U4(T, a7), Ua(IT, arr), La(F, Be) and La(IF, Br) are commutative ideals of X for all xr, wyr, 
Be, Bre € [0,1] whenever they are non-empty. 


The commutative ideals U,(T,ar), Ug(IT, arr), La(F, Be) and La(IF, Bre) are called level 
neutrosophic commutative ideals of A = (Ar, Arr, Arr, Arf). 


Proof. Assume that A = (Ar, Ayr, Arg, Af) is a commutative generalized neutrosophic ideal 
of X. Then A = (Ar, Arr, Arp, Af) is a generalized neutrosophic ideal of X. Thus U,(T,«7), 
U,(IT,a;r), La(F, Br) and La(IF, Biz) are ideals of X whenever they are non-empty applying 
Lemma 3. Suppose that x,y € X and x *y € U,(T, ar) NU,(IT, air). Using (15), 


Ar(x * (y* (y*x))) = Ar(x*y) > ar, 
Arr (x * (y* (y*x))) = Arr(x*y) > arr, 


and so x * (y* (y*x)) € U,(T,ar) and x * (y* (y*x)) € U,(IT, a;7). Suppose that a,b € X and 
axb € La(IF, Bir) OLa(E, Br). It follows from (15) that Ajr(a * (b * (b*a))) < Ajp(a*b) < Bip and 
Ar(a* (b * (b*a))) < Ar(a*b) < Br. Hence ax (b* (b*a)) € La(IF, Bir) and a*(b*(b*a)) € 
La(F, Br). Therefore U,(T,ar), UA(UIT,a;r), La(F, Be) and La(IF, Bir) are commutative ideals 
of X. 


Lemma 4 ([15]). Assume that A = (Ar, Arr, Arr, Af) is a GNS in X and U,(T, ar), UAUIT,a7r), 
La(F, Br) and La(IF, Bre) are ideals of X, Var, «rr, Be, Bre € [0,1]. Then A = (Art, Arr, Arg, Ag) isa 
generalized neutrosophic ideal of X. 


Theorem 5. Let A = (Ar, Arr, Are, Ag) bea GNS in X such that U4(T, a7), Ua(IT, arr), La(F, Br) and 
LA(UF, Bre) are commutative ideals of X for all xr, arr, Be, Bre € [0,1]. Then A = (Ar, Arr, Alg, Arf) isa 
commutative generalized neutrosophic ideal of X. 
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Proof. Let «7, «;7, Br, Bre € [0,1] be such that the non-empty sets U,4(T, ar), Ua (IT, «;r), La(F, Be) 
and L,(IF, Byr) are commutative ideals of X. Then U4(T, a7), U,(IT, arr), La(F, Br) and La (IF, Brr) 
are ideals of X. Hence A = (Ar, Air, Air, Af) is a generalized neutrosophic ideal of X applying 
Lemma 4. For any x,y € X, let Ar(x *y) = ar. Then x *y € U,(T,ar), and so x * (y * (y*x)) € 
U,(T, ar) by (9). Hence Ar(x * (y * (y*x))) > ap = Ar(x *y). Similarly, we can show that 


(Vx,y © X)(Arr(x* (y* (y*x))) 2 Arr(x *y)). 


For any x, y,a,b,€ X,let Ag(x*y) = Be and Ajr(a*b) = Byp. Thenx*y € Ly(F, Br) andax*b € 
La(IF, Biz). Using Lemma 1 we have x « (y * (y* x)) € Lya(F, Br) and ax (b* (b*a)) € LA(IF, Bip). 
Thus Ag(x *y) = Be > Ag(x * (y* (y*x))) and Ajp(a*b) = Bre > Are((a*b)*b). Therefore 
A = (Ar, Alt, Air, Af) is a commutative generalized neutrosophic ideal of X. 


Theorem 6. Every commutative generalized neutrosophic ideal can be realized as level neutrosophic 
commutative ideals of some commutative generalized neutrosophic ideal of X. 


Proof. Given a commutative ideal C of X, define a GNS A = (Ar, Art, Arg, Ag) as follows 


_ ar ifx EC, _ ar ifxEC, 
a { 0 otherwise, An) { 0 otherwise, 


p= { Bir ifx EC, Arts) ={ Br ifxeC, 


1 otherwise, 1 otherwise, 


where w7,a;r € (0,1) and Br, Bip € (0,1). Let x,y,z € X. If (x*y)*z € Candz € C, 
then x * (y * (y* x)) € C. Thus 


=K7 = min{Ar((x * y) * z),Ar(z)}, 


Ar(x * (y * (y*x))) 
)) = arr = min{ Apr((x * y) *z), Arr(Z)}, 
) 
) 


Arr (x * (y * (y * 
Arg (x * (y * (y * 
Ap (x * (y * (y*x) 


) = Bre = max{ Ajp((x *y) *Z), Are(Z)}, 
= Br = max{Ap((x *y) *Z), Ar(z)}- 


Assume that (x * y) *z € Candz ¢ C. Then Ar((x * y) *z) =0, Ar(z) =0, Arr((x xy) *z) =0, 
Ajr(z) =0, Arr ((x * y) *z) =1, Are(z) = 1,and Af((x *y) *z) =1, Ar(z) = 1. It follows that 


Ar(x* (y* (y*x))) = min{Ar((x*y) *z), Ar(z)}, 
Arr(x * (y * (y*x))) => min{Ajr((x *y) *z), Arr(z)}, 
Arp (x * (y* (y*x))) < max{Are((x *y) *z), Arr(z)}, 
Ar (x * (y * (y*x))) < max{Ar((x *y) *z), Ar(z)}- 


If exactly one of (x * y) * z and z belongs to C, then exactly one of Ar((x * y) *z) and Ar(z) is 
equal to 0; exactly one of A;r((x * y) *z) and A;r(z) is equal to 0; exactly one of Ag((x * y) *z) and 
Af(z) is equal to 1 and exactly one of Ajf((x * y) *z) and Ajf(z) is equal to 1. Hence 


Ar(x* (y* (y *x) in{Ar((x*y) *2),Ar(Z)}, 


))>m 
Arr(x* (y* (y*x))) => min{Ajr((x *y) *z), Arr(Z)}, 
Arp (x * (y* (y*x))) < max{Are((x *y) *z), Arr(z)}, 
Ap(x* (y * (y*x))) < max{Ap((x *y) #2), Ar(z)}- 


It is clear that Ar(0) = Ar(x), Arr(0) = Arr(x), Are(0) < Aje(x) and Arg (0) < Ag(x) for all 
x € X. Therefore A = (Ar, Ayr, Arf, Af) is a commutative generalized neutrosophic ideal of X. 
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Obviously, U,(T, aT) =C) U,(IT, arr) =C, La(F, Br) = C and LACE, Bre) = C. This completes 
the proof. 


Theorem 7. Let {C; | t € A} be a collection of commutative ideals of X such that 


(1) x= Ur 
€E 
Q) Ws teA)@s>t => C.CG) 


where A is any index set. Let A = (Ar, Arr, Arp, Ar) bea GNS in X given by 


(17) 


(vx €X) ( Ar(x) =sup{t € A| x €C:} = Ayr(x) 


Are(x) = inf{t EA | XE Cr} = Ag(x) 
Then A = (Ar, Arr, Aig, Af) is a commutative generalized neutrosophic ideal of X. 


Proof. According to Theorem 5, it is sufficient to show that U(T,t), U(IT,t), L(F,s) and L(IF,s) are 
commutative ideals of X for every ¢ € [0, Ar(0) = Arr(0)] ands € [Ayf(0) = Ar(0),1]. In order to 
prove U(T,t) and U(IT,t) are commutative ideals of X, we consider two cases: 


(i) t=sup{qgeA|q<t}, 
(ii) t A sup{q ec A|q<t}. 


For the first case, we have 


x € U(T,t) <=> (Wq < t)(x EC) —> x E (Cy, 
q<t 

x © U(IT,t) <> (Vq <t)(x EC) —> x € (CG. 
q<t 


Hence U(T,t) = ()C, = UUIT,t), and so U(T,t) and U(IT,t) are commutative ideals of X. 
q<t 
For the second case, we claim that U(T,t) = PS a = UUIT,t). Ifx € y Cr then x € C, for 


some q > ¢. It follows that Ajr(x) = Ar(x) > gq > tand so that x € UIT, t) and x € U(IT,t). 
This shows that U La C U(T,t) and XY Ca C U(IT,t). Now, suppose x ¢ iS Ca Then x ¢ Cy, Vq > t. 


q2 
Since t £ sup{q € ‘A |q < t}, Peter > 0 such that (f—¢,t)N A= d. Thus x € Coe VG > t= €, 
this means that if x ¢ Cy, theng < t—e. So Ajr(x) = Ar(x) < t—e < t,andsox ¢ U(T,t) = 
U(IT,t). Therefore U(T,t) = U(IT,t) C UCy. Consequently, U(T,t) = U(IT,t) = UC, which 
>t qz=t 


is a commutative ideal of X. Next we show that L(F,s) and L(IF,s) are commutative ideals of X. 
We consider two cases as follows: 


(ili) s=inffreA|s<r}, 
(iv) s Ainf{r€ A|s <r}. 


Case (iii) implies that 


ee LUE, s) = Ws<r)(e eC) = xe (GC, 


s<r 


x € U(F,s) <=> (Ws <r)(x E Cr) —> x E []C. 


s<r 


It follows that L(IF,s) = L(F,s) = (| C;, which is a commutative ideal of X. Case (iv) induces 
s<r 

(s,s +e) NA = @ for some e > 0. Ifx € UC;, then x € C; for some r < s, and so Ayr(x) = Ar(x) < 
s>r 


r <s,thatis, x € L(IF,s) andx € L(E,s). Hence UC, C LUF,s) = L(F,s). Ifx € UC,, then x € C; 
s>r s>r 
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for all r < s which implies that x ¢ C; forallr <s+e, thatis, ifx € C, thenr >s+e. Hence Ajp(x) = 
Af(x) >s+e>s,andsox ¢ L(Ajp,s) = L(Ag,s). Hence L(Ajp,s) = L(Ag,s) = UC; which is a 
s>r 


commutative ideal of X. This completes the proof. 


Assume thta f : X — Y isa homomorphism of BCK/BCI-algebras ([7]). For any GNS A = (Ar, 
Arr, Arr, Ar) in Y, we define a new GNS Af = (Af, Af, Af,, Af) in X, which is called the induced 
GNS, by 
Ar (x) = Ar(f(x)), Arr(e) = Arr(F()) és 


Ajp(x) = Arr(f(x)), Ap(®) = Ar(F(2)) 
Lemma 5 ([15]). Let f : X — Y be a homomorphism of BCK/BCI-algebras. Ifa GNS A = (Ar, Arr, Al, 


Ap) in Y is a generalized neutrosophic ideal of Y, then the new GNS Af = (At, Ale, Ate, Af) in Xisa 
generalized neutrosophic ideal of X. 


(Vx € X) ( 


Theorem 8. Let f : X — Y be a homomorphism of BCK-algebras. Ifa GNS A = (Ar, Arr, Arg, Af) in Y 


is a commutative generalized neutrosophic ideal of Y, then the new GNS Af = (At, Ale, Ate, Af) in X isa 
commutative generalized neutrosophic ideal of X. 


Proof. Suppose that A = (Ar, A;r, Arg, Af) is a commutative generalized neutrosophic ideal of Y. 
Then A = (Ar, Air, Air, Af) is a generalized neutrosophic ideal of Y by Theorem 1, and so Af = (Ag, 


Ale, At, Af) is a generalized neutrosophic ideal of Y by Lemma 5. For any x,y € X, we have 


and 


Therefore Af = (At, Ale, Ae Af) is a commutative generalized neutrosophic ideal of X. 
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Lemma 6 ([15]). Let f : X — Y be an onto homomorphism of BCK/BCI-algebras and let A = (Art, Arr, 
Are, Ag) bea GNS in Y. If the induced GNS Af = (At, Ale, Ate, Af) in X is a generalized neutrosophic 
ideal of X, then A = (Ar, At, Arg, Af) is a generalized neutrosophic ideal of Y. 


Theorem 9. Assume thta f : X — Y is an onto homomorphism of BCK-algebras and A = (Ar, Ayr, Atg, 
Af) is a GNS in Y. If the induced GNS Af = (At, Alay Ale, Af) in X is a commutative generalized 
neutrosophic ideal of X, then A = (Ar, Arr, Air, Af) is a commutative generalized neutrosophic ideal of Y. 


Proof. Suppose that Af = (At, At Ate, Af) is a commutative generalized neutrosophic ideal of 


IT’ 
X. Then Af = (Af, Al, re Af) is a generalized neutrosophic ideal of X, and thus A = (Ar, Ayr, 
Aj, Af) is a generalized neutrosophic ideal of Y. For any a,b,c € Y, there exist x,y,z € X such that 


f(x) =a, f(y) = band f(z) =c. Thus, 


Ar(a* (b* (b*a))) = Ar(f (x) * (f(y) * (Fy) * F(x)))) 
= Ab (x (yx (y*x))) > AL(x*y) 
= Ar(f(x) *f(y)) = Ar(a*b), 


Ar(f (x * (y * (y*x)))) 


Arr(a * (b x (b ok a))) = AIT 
=A 
= Arr 


Ajg(a* (b* (bx a))) = 


F(x) * (f(y) * (Fly) *f(x)))) = Arr (f(x * (y* (y*x)))) 
x (y * (y*x))) > AL(x*y) 
f(x) *f(y)) = Arr(a*b), 


F(x) * F(y) * (F(y) * £(x)))) = Aref (x * (y * (y *x)))) 
x (y*(y*x))) < AL (xy) 
F(x) f(y) = Arr(a*b), 


and 


Ag(a (b* (b*a))) = Ag(f(x) * (f(y) * (f(y) *£(x)))) 
= Af (x * (y* (y*x))) < Af(x*y) 
= Ar(f(x) *f(y)) = Ar(a*b). 


Ar(f(x * (y* (y*x)))) 


(x 


It follows from Theorem 2 that A = (Ar, Arr, Aye, Af) isa commutative generalized neutrosophic 
ideal of Y. 


Let CGNI(X) denote the set of all commutative generalized neutrosophic ideals of X andt € [0,1]. 
Define binary relations Uf, Uj,, Li; and Li, on CGNI(X) as follows: 


(A,B) € UL & U,(T,t) = Usg(T,1), (A,B) € Ul, & U,(IT,t) = Up(IT, 1), (19) 
(A,B) © LL = La(E,t) =Lp(E,t), (A,B) € Lip @ La(IF,t) = La(IE,t) 

for A = (Ar, AIT, AIF, Ag) and B = (Br, Brr, Brr, Br) in CGNI(X). Then clearly ce Le Le 
and Li, are equivalence relations on CGNI(X). For any A = (Ar, Arr, Arg, Ar) € CGNI(X), 
let [Alur (resp., [Alut. [Alt and [Ali denote the equivalence class of A = (Ar, Arr, Arr, AF) 
modulo Uf; (resp, Uj, Li, and Li). Denote by CGNI(X)/U}, (resp., CGNI(X)/U} 7, CGNI(X)/L> 
and CGNI(X)/L',) the system of all equivalence classes modulo Uf, (resp, Uj, Lf, and L{,); so 


CGNI(X)/Ur = {[A]yp | A = (Ar, Arr, Air, Ar) € CGNI(X)}, (20) 
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CGNI(X)/Ujp = {[A]yt, | A = (Ar, Arr, Ar, Ar) € CGNI(X)}, (21) 

CGNI(X)/Lp = {[A]: | A = (Ar, Arr, Are, Ar) € CGNI(X)}, (22) 
and 

CGNI(X)/Lip = {{A]y, | A = (Ar, Arr, Air, Ar) € CGNI(X)}, (23) 


respectively. Let CI(X) denote the family of all commutative ideals of X and let t € [0,1]. Define maps 


fi CGNI(X) — CI(X) U{@}, A Ua(T,#), (24) 

g¢CENI(X) > CHU IO}, AS Ug, (25) 

a, : CGNI(X) > CI(X) U{O}, Ar La(E,b), (26) 
and 

Bis CGNI(X) > CI(X) W{@}, AS LACIE): (27) 


Then the definitions of f, g¢, «¢ and 6; are well. 


Theorem 10. Suppose t € (0,1), the definitions of ft, 21, x1 and B; are as above. Then the maps ft, 1, 0 and 
Bt are surjective from CGNI(X) to CI(X) U {@}. 


Proof. Assumet € (0,1).We know that 0. = (07,0;7,11¢,1¢) isin CGNI(X) where 07, 0;7,1;¢ and 1 
are constant functions on X defined by 07(x) = 0, O;r(x) = 0, 17f(x) = 1 and 1f(x) = 1 forall x € X. 
Obviously f;(0~) = Uo. (T,t), g(O~) = Uo_ (IT, t), a:(O~) = Lo. (F,t) and 6;(0~) = Lo_ (IF,t) are 
empty. Let G(4 ©) € CGNI(X), and consider functions: 


ifxeG, 


1 
1X 1 
Or > [04], Ge { 0 otherwise, 


1 ifxeG, 


7X 1 
Grr atlal eGs { 0 otherwise, 


0 ifxeG, 
1 


1X 1 
Ge “PO Aeee> { otherwise, 


and 


0 ifxeG, 


2X 1 
Grp: X > [0,1], Gr { 1 otherwise. 


Then GL = (Gr,G)r,Gjf, Gp) is a commutative generalized neutrosophic ideal of X, and 
fi(Gn) = Uc_(T,t) = G, gt(Gn) = Uc_ (UT, t) = G, a+(Gr) = Lo. (F,t) = Gand Br(Gr) = 
Lo. (IF, t) = G. Therefore fi, ¢+, a: and B; are surjective. 


Theorem 11. The quotient sets 


CGNI(X)/Ut, CGNI(X)/Ut;, CGNI(X)/L and CGNI(X)/L'p 
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are equipotent to CI(X) U {@}. 


Proof. For t € (0,1), let ff (resp, gf, a; and 67) be a map from CGNI(X)/Uf; 
(resp., CGNI(X)/U}y, CGNI(X)/Li and CGNI(X)/Lip) to CI(X) U {Q} defined by ff ([A]us) = 
f(A) (resp., gf ([Alus,) = ge(A) , 0f ([A]i,) = a(A) and BF ([A]z.) = Br(A)) for all A = (Ar, 
Ayr, Ayr, Ap) € CGNI(X). If U,(T,t) = Up(T,#), Ua(IT,t) = Ug(IT,t), La(E,t) = La(E,t) 
and LACE, t) — La(F, t) for A = (Ar, Alt, AIF, Ag) and B = (Br, Brr, Br, Bre) in CGNI(X), 
then (A,B) € Uf, (A,B) € Uf, (A,B) € Lt and (A,B) € Lip. Hence [A] = [Blut [Alus, = [Blu 
[A] is [B| ui. and [A] = [B| ut. Therefore f;' (resp, g;, 4; and B;) is injective. Now let 
G(F ) € CGNI(X). For Gv = (Gr, Gir, GIF, Gr) € CGNI(X), we have 


and 


Finally, for 0. = (07, 0;7,1;£,1£) € CGNI(X), we have 


ff (l0rdus.) = fi(O~) = Uo. (Tt) = 2, 


and 


Therefore, f;' (resp, g;, a; and B;) is surjective. 


Vt € [0,1], define another relations R‘ and Q! on CGNI(X) as follows: 
(A,B) € R' & Ua(T,t) NLa(EF,t) = Up(T, t) Lg (F,t) 
and 
(A,B) € Qt & U,(IT,t) MLa(IE, t) = Up(IT,t) MLg(IE, t) 


for any A= (Ar, AIT, AIE, Arf) and B = (Br, Brr, Brg, Br) in CGNI(X). Then Rt and Qt are 
equivalence relations on CGNI(X). 
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Theorem 12. Suppose t € (0,1), consider the following maps 
1 : CGNI(X) > CI(X) U{@}, A fi(A) Na (A), (28) 
and 
 : CGNI(X) > CI(X) U{@}, Ar @(A) 7 Bi(A) (29) 
for each A = (Ar, Ayr, Arg, Az) € CGNI(X). Then gy; and yy; are surjective. 
Proof. Assume t € (0,1). For 0. = (07,0;7,11f,1£) € CGNI(X), 
pr(Or) = fi(O~) Mar(O~) = Uo. (T,t) NLo_ (F,t) =O 
and 
$r(O~) = gr(O~) 1 Br(O~) = Uo_ (IT, t) A Lo. (IF, t) = ©. 
For any G € CI(X), there exists GL = (Gr, Grr, Gz, Ge) € CGNI(X) such that 
pt(Gr) = fi(Gr) M1 ae(G~) = Uc. (Tt) OG (Ft) = G 
and 


p(Gr) = gt(G~)N Bi(G~) = Uc (IT, t) Le UF, t) = G. 


Therefore g; and y; are surjective. 


Theorem 13. For any t € (0,1), the quotient sets CGNI(X)/R' and CGNI(X)/Q! are equipotent to 
CI(X) U{@}. 


Proof. Let t € (0,1) and define maps 

g; : CGNI(X)/R' — CI1(X) U {@}, [A]z: 4 gr(A) 
and 

pr : CGNI(X)/Q‘ —+ CI(X) U {O}, [A]ge > ox(A). 

If gf ([Al:) = 9F ([Bla) and yf ([Alor) = $F ([Blg:) for all [Alar [Blar € CGNI(X)/R' and 
[A]or, [B] or € CGNI(X)/Q', then f;(A) ia «,(A) = fi (B) N a:(B) and gt(A) N Bi(A) = g(B) q Br (B), 
that is, U4(T,t) NLa(E,t) = Up(T,t) N La(E,t) and Ug(IT,t) O La(IE,t) = Up(IT, t) NLg(IE, t). 
Hence (A,B) € R‘, (A,B) € Q'. So [A] = [B]rt, [Alor = [Blgt, which shows that gy; and yf are 
injective. For 0. = (Or, Orr, 1jr,1F) € CGNI(X), 

Pi ([O~] Rt) = Pr(O~) = fr(O~) Na+(O~) = Uo. (Or, t) NLo_ (Le, t) = © 
and 
Pi (0-]o:) = pe(~) = ge(0~) M Br(O~) = Uo. (Orr, #) Lo. (ur, t) = @. 
IfGeE CI(X), then GJ = (Gr, Grr, Gig, Gr) ‘Ss CGNI(X), and so 


g ([Gr]re) = 9r(Gr) = fr(Gr) Nar(Gr) = Ue. (Gr, t) VLe_ (Ge, t) = G 
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and 


YF ([Gulgr) = pe(G~) = ge(Ge) M Br(G~) = Uc. (Girt) NLg..(Grr,t) = G. 


Hence g; and ; are surjective, and the proof is complete. 


4. Conclusions 


Based on the theory of generalized neutrosophic sets, we proposed the new concept of 
commutative generalized neutrosophic ideal in a BCK-algebra, and obtained some characterizations. 
Moreover, we investigated some homomorphism properties related to commutative generalized 
neutrosophic ideals. 

The research ideas of this paper can be extended to a wide range of logical algebraic systems such 
as pseudo-BCI algebras (see [1,16]). At the same time, the concept of generalized neutrosophic set 
involved in this paper can be further studied according to the thought in [11,17], which will be the 
direction of our next research work. 
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